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Abstract

In the cardiac electrophysiology imaging community the
most widely used approach to solve the inverse problem is
the least square formulation with different Thikhonov reg-
ularizations. Clinicians are not yet fully satisfied by the
technology that solves the inverse problem. Reformulating
the inverse problem could bring new techniques to solve it.
In this paper we use the Steklov-Poincaré formulation of
the Cauchy problem in order to solve the inverse problem
in electrocardiography imaging. We present in this work
the technique and an algorithm of gradient descent. We
also show numerical results based on simulated syntheti-
cal data.

1. Introduction

The inverse problem in cardiac electrophysiology also
known as electrocardiography imaging (ECGI) is a proce-
dure that allows reconstructing the potential on the outer
surface of the heart (epicardium) from potential measure-
ments on the surface of the torso. This non-invasive tech-
nology and other similar techniques like the electroen-
cephalography imaging are highly demanded by medical
industries and clinicians. ECGI allows a better spacial tar-
geting of cardiac arrhythmias and thus it helps to make
more accurate clinical interventions. However, the non-
invasive reconstruction of the epicardial potential is not
straitforward. The difficulty in the reconstruction of elec-
trical potential on the heart surface comes from the ill
poseddness of the mathematical problem behind the recon-
struction. Different works treated this problem [1–3] based
on boundary element method for the discretization and
Thikhonov regularization techniques to ensure the well
posedness of the mathematical problem. None of the meth-
ods in the literature have been shown to work perfectly.
In this paper we propose an other approach of treating
the inverse problem in electrocardiography based on the
Steklov-Poincaré formulation of the Cauchy problem [4].
In order to test this approach we first simulate the forward
problem based on the state of the art bidomain model. This

allow as to generate electrical potentials in the heart and in
the torso. We then extract ECG data from the torso surface
and use it as input for the inverse problem. The solution of
the inverse problem is then compared the synthetical elec-
trical potential on the heart surface.

2. Methods

In this section we present the mathematical formulations
and numerical methods that are used in this paper to sim-
ulate the forward and to solve inverse problem. In para-
graph 2.1, we present the mathematical models and meth-
ods used in order to simulate the electrical potential in the
heart and the torso. In paragraph 2.2, we present the math-
ematical formulation and the algorithm used to solve the
inverse problem.

2.1. Forward problem

The bidomain equations were used to simulate the elec-
trical activity of the heart and extracellular potentials in the
whole body (see e.g. [5–7]). These equations in the heart
domain ΩH are given by:

Am

(
CmV̇m + Iion(Vm,w)

)
− div

(
σi∇Vm

)
= div

(
σi∇ue

)
+ Istim, in ΩH,

− div
(
(σi + σe)∇ue

)
= div(σi∇Vm), in ΩH,

ẇ + g(Vm,w) = 0, in ΩH,

σi∇Vm · n = −σi∇ue · n, on Σ.
(1)

The state variables Vm and ue stand for the transmembrane
and the extra-cellular potentials. Constants Am and Cm

represent the rate of membrane surface per unit of volume
and the membrane capacitance, respectively. Istim and Iion

are the stimulation and the transmembrane ionic currents.
The heart-torso interface is denoted by Σ. The intra- and
extracellular (anisotropic) conductivity tensors, σi and σe,
are given by σi,e = σt

i,eI+(σl
i,e−σt

i,e)a⊗a, where a is a
unit vector parallel to the local fibre direction and σl

i,e and
σt

i,e are, respectively, the longitudinal and transverse con-
ductivities of the intra- and extra-cellular media. The field
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of variables w is a vector containing different chemical
concentrations and various gate variables. Its time deriva-
tive is given by the vector of functions g.

The precise definition of g and Iion depend on the
electrophysiological transmembrane ionic model. In the
present work we make use of one of the biophysically de-
tailed human ventricular myocyte model [8].

Figure 1 provides a geometrical representation of the do-
mains considered to compute extracellular potentials in the
human body. In the torso domain ΩT, the electrical poten-
tial uT is described by the Laplace equation.{

div(σT∇uT) = 0, in ΩT,

σT∇uT · nT = 0, on Γext.
(2)

where σT stands for the torso conductivity tensor and nT

is the outward unit normal to the torso external boundary
Γext.

ΩT

ΩH

Γext

Σ

Figure 1. Two-dimensional geometrical description: heart
domain ΩH, torso domain ΩT (extramyocardial regions),
heart-torso interface Σ and torso external boundary Γext.

The heart-torso interface Σ is supposed to be a perfect
conductor. Then we have a continuity of current and poten-
tial between the extra-cellular myocardial region and the
torso region.{

ue = uT, on Σ,

(σe + σi)∇ue · nT = σT∇uT · nT, on Σ.
(3)

Other works [9–11] consider that the electrical current
does not flow from the heart to the torso by assuming that
the heart is isolated from torso. This approximation is ap-
pealing in terms of computational cost because it uncou-
ples the Laplace equation (2) in the torso from the bido-
main equations in the heart (1), which allows to reduce the
size of the linear system to solve. It is even more appeal-
ing when the interest is only on the ECG computation, in
that case the ECG solution could be an ”off line” matrix
vector multiplication after solving the bidomain equation,
details about computing the transfer matrix could be found
in [12]. Although this approach is very appealing in terms
of computational cost, numerical evidence has shown that
it can compromise the accuracy of the ECG signals (see
e.g. [5, 11, 13]). Thus, in order to accurately compute
ECGs we consider the the state-of-the-art heart-torso full
coupled electrophysiological problem (1)-(3) representing

the cardiac electrical activity from the cell to the human
body surface.

2.2. Inverse problem

The inverse problem in electrocadiography imaging
(ECGI) is a technique that allows to construct the electrical
potential on the heart surface Σ from data measured on the
body surface Γext. We assume that the electrical potential
is governed by the diffusion equation in the torso as shown
in the previous paragraph. For a given potential data T
measured on the body surface Γext, the goal is to find ue

on Σ such that the potential data in the torso domain satis-
fies 

div(σT∇uT) = 0, in ΩT,

σT∇uT.n = 0, and uT = T, on Γext,

uT =?, on Σ.

(4)

In order to find ue, for a given boundary value distribution
λon Σ, we propose to define uD(λ) and uN(λ) as follows,

div(σT∇uD(λ)) = 0, in ΩT,

uD(λ) = T, on Γext,

uD(λ) = λ, on Σ.

(5)


div(σT∇uN(λ)) = 0, in ΩT,

σT∇uN(λ).n = 0, on Γext,

uN(λ) = λ, on Σ.

(6)

Let’s define the cost function as follows

J(λ) =
1

2

∫
ΩT

(∇uD(λ)−∇uN(λ))2. (7)

This means that if J(λ) = 0, we have ∇uD(λ) =
∇uN(λ) in the whole domain ΩT and then ∇uD(λ).n =
∇uN(λ).n on the boundary and in particular on Γext.
Therefore, since uD = uN = λ on Σ and by uniqueness of
the Laplace solution, we obtain that uD(λ) = uN(λ) in all
the domain ΩT. Which means that both of solutions uD(λ)
and uN(λ), satisfy both Neumann and Dirichlet boundary
conditions on Γext at the same time. This means that λ is
the solution of the inverse problem.

Our goal is to minimize the cost function J . Since we
are able to calculate the gradient of the cost function, we
can use a gradient descent method. For any test function
φ, the gradient of J reads:

〈∇λJ(λ), φ〉 =

〈∫
ΩT

(∇uD −∇uN)∇λ(∇uD −∇uN), φ

〉
=

〈∫
ΩT

(∇uD −∇uN)∇λ(∇uD), φ

〉
−
〈∫

Σ

(∇uD −∇uN)∇λ(∇uN), φ

〉
(8)
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Applying the Green formula on both terms we find

∇λJ(λ) = (∇uD −∇uN).n (9)

For a given initial guess λ, we compute the incomplete
boundary condition following the algorithm 1.

Algorithm 1 Algorithm
λ = 0
for i = first time step to last time step do

load the known boundary data uT(ti)/Γext

compute uD(λ)
compute uN(λ)
compte ∇λJ(λ) = (∇uD −∇uN).n
while (‖∇λJ(λ) ‖> tolerence) do

λ← λ− δ ∗∇λJ(λ)
compute uD(λ)
compute uN(λ)
compte ∇λJ(λ) = (∇uD −∇uN).n

end while
save uT(ti)/Σ = λ

end for

In practice, putting λ = 0 out of the time loop reduces
the number of iterations in the while loop. This could be
explained by the fact that the solution at time t+δt is closer
to the solution at time t then it is to zero.

3. Numerical results

In this paragraph we show numerical results for direct
and inverse problem obtained using the numerical meth-
ods presented above. For the sake of conciseness we per-
form simulations on the volumes between three concentric
spheres. The volume between the small and the medium
sphere represents the heart domain and the volume be-
tween the medium and the large spheres represents the
torso. The epicardium is given by the medium sphere while
the body surface is given by the largest sphere. In Figure2,
we plot simulations of the forward problem where we stim-
ulate the heart in tow opposite locations. The figure repre-
sents snapshots of the electric potential in the depolariza-
tion phase (four first images) and depolarization phase in
the four last images. In order to test the inverse problem
resolution approach given by algorithm 1, we extract from
the direct solution the values of the electrical potential on
the torso (on the external sphere) and we try to recover the
value of the electrical potential on the epicardial surface.
In Figures 3, we show comparison between the exact po-
tential (left column) in the torso and the inverse solution
(right column) using algorithm 1. The first tow rows con-
tain the comparison at depolarization phase (times 10 and
25 ms), we can see that the wave front is captured and both
of stimuli positions are clearly identified from the inverse

Figure 2. Snapshots of the extracellular potential (small
sphere) and BSP (large sphere) at times 0, 4, 20, 35, 40,
220, 300, 400 ms (from left to right and from top to bot-
tom). The color bar scale is in mV.

solution. The two last rows in figure 3, represent the for-
ward (left) and the inverse (right) solutions at the repolar-
ization phase. The repolarization wave front is clearly and
the spatial distribution of the electrical potential seems to
be accurate.

4. Discussion

In the present work we showed an alternative to the least
square approach which has been intensively used in the
electorocardiography imaging community, this approach
does not need the computation of a transfer matrix. It uses
a gradient descent method to recover the electrical poten-
tial at the external heart boundary. The weakness of gradi-
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Figure 3. Comparison between exact solution (left col-
umn) and inverse solution (right column). Snapshots of
torso potential at times 10, 25, 300 and 310 ms (from top
to bottom).The color bar scale is in mV.

ent descent methods in general is that algorithm could fall
in a local minimum rather then the global optimum. This
problem could be tackled by combining the gradient de-
scend method with global optimum algorithm like genetic
algorithms and evolution strategy algorithms.

5. Conclusion
in this paper we presented a new approach to tackle the

inverse problem in cardiac electrophysiology. We used an
ECG simulator to construct a synthetical data of body sur-
face potential. This synthetical data is obtained from nu-
merical simulations, based on a 3D mathematical model
of the ECG involving a mathematical description of the
electrical activity of the heart and the torso. We then used

the Steklov-Poincaré formulation of the Cauchy problem,
and used a gradient descent method to solve the inverse
problem. Numerical simulations show that this method is
able to localize the wave front generated by two stimuli in
the heart both in the depolarization and in the repolariza-
tion phases.In future works this method would be tested
on clinical data of electrical potential, with anatomically
accurate heart and torso geometries.
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